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It is proposed that a non-Abelian adjoint two-form in B A F type theories transform inhomoge- 
neously under the gauge group. The resulting restrictions on invariant actions are discussed. The 
auxiliary one-form which is required for maintaining vector gauge symmetry transforms like a second 
gauge field, and hence cannot be fully absorbed in the two-form. But it can be replaced, via a vec- 
tor gauge transformation, by the usual gauge field, leading to gauge equivalences between different 
types of theories. A new type of symmetry also appears, one which depends on local functions but 
cannot be generated by constraints. It is connected to the identity in the limit of a vanishing global 
parameter, so it should be called a semiglobal symmetry. The corresponding conserved currents and 
BRST charges are parametrized by the space of flat connections. 
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I. INTRODUCTION 



> 

■ The non-Abelian two-form, or antisymmetric tensor 
^jpotential, first made its appearance in the context of non- 
Q^linear a- models [[jj ||, || . It was introduced as a Lagrange 
0>multiplier field via an interaction term Tr e^^B^Fpx, 
^^usually written more compactly in the notation of forms 
^^as Tr BAF . Here B is a two-form potential in the adjoint 
^^representation of the gauge group, and F is the curva- 
+ "j" > ture of the gauge connection, i.e., the field strength of 
Otjlie gauge field. An action made up of this term alone 
•Dis a Schwarz type topological field theory j|, [|, [| Qj. It 
'^generalizes to four dimensions the Chern-Simons action, 
£>a well known topological quantum field theory in three 
"^dimensions p|, |i| |To(] . 

j_J ■ This action serves as the cornerstone for a wide vari- 
C^ety of theories in four dimensions. It is diffeomorphism 
invariant, and can be thought of as 'topological grav- 
ity', a toy model for some features of quantum grav- 
ity jll], [l2| [b|. Some approaches to quantum grav- 
ity use the fact that Einstein's theory in four dimen- 
sions can be written in terms of the BAF action with 
additional terms Jl4|, usually with non-compact gauge 
groups. When the gauge group is taken to be SU(N), 
modifications of the BAF action lead to Yang-Mills the- 
ory m a first order formulation (TsJ, [tfj, 0, @, or m 
a loop space formulation (l^, f20) . In these models the 
two-form appears as a field without its own dynamics. 

A theory where the two-form is dynamical can be con- 
structed by introducing a kinetic term . This also 
happens to be a non-Abelian generalization of a mass 
generation mechanism for vector fields in four dimen- 
sions, which does not have a residual Higgs particle in 
the spectrum 
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theory can be quantized in the path integral approach 
using standard algebraic techniques pj| po| |3lj. This 
gives a formally renormalizable, gauge invariant theory 
which contains massive vector bosons but does not have a 
residual Higgs particle. Note that this mechanism evades 
established no-go theorems because all those theorems re- 
strict themselves, at some point of the proof, to scalars 
and vectors only. But rewriting the two-form purely in 
terms of those degrees of freedom would inevitably lead 
to a nonlocal field theory, to which those proofs do not 
apply. 

Despite its wide applicability, the nature of the non- 
Abelian two-form remains obscure. Much of the analysis 
of theories of the two-form is based on quantization of 
its interactions. For example, a two-form couples nat- 
urally to a world surface, so one possible description of 
it is as a gauge field for strings, open or closed. This is 
a consistent description for the Abelian two-form. How- 
ever, Teitelboim has shown j3^] that it is not possible to 
define 'surface ordered' exponentials for the non-Abelian 
two-form in a reparametrization invariant fashion. This 
rules out a non-Abelian generalization of the picture of 
the two-form as a connection for strings. In another ap- 
proach, consistency of deformations of theories with the 
BAF interaction suggests that it is not possible to con- 
struct theories with terms quadratic in the non-Abelian 
two- form, unless additional fields are introduced p3| . 

In this paper I investigate theories of the non-Abelian 
two-form from another perspective, namely, that of clas- 
sical internal symmetries in the Lagrangian formalism. 
I will display several classical symmetries of theories in- 
volving the two-form. These shed some light on the geo- 
metrical nature of this field, although precisely what that 
nature is remains unclear. One outcome of this investi- 
gation will be to show that theories of the non-Abelian 
two-form can be written as theories with two connec- 
tions, one of which is usual gauge field, and the other 
has the characteristics of a dual connection. I will also 
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show that only some of these symmetries are generated 
by local constraints, a novelty for classical field theories. 

What sort of symmetry is imposed on the non-Abelian 
two-form will dictate the structure of the resulting the- 
ory, with its own physical interpretation. This will be 
the underlying theme of the constructions in this pa- 
per, namely, to construct new symmetries by extending 
known ones, and then to construct actions invariant un- 
der them. Some results of this paper have been reported 
in brief in ]34| , many details and several new results are 
presented in this paper. 

The starting point is the interaction Lagrangian Tr B A 
F. The integral of this term will be called the action, 
somewhat loosely, for all theories to be discussed in this 
paper are built around this term. The symmetries of 
those theories will necessarily be symmetries of this term 
alone until Section [v|, where this term itself will need to 
be modified. The interaction Lagrangian is often called 
a 'topological' term, because a background metric is not 
necessary to define it. However, the metric independence 
of this term will not be crucial to the results in this paper. 
Only internal symmetries will be considered below, and 
invariance of the action will mean invariance up to a total 
divergence. 

In section || the non-Abelian two- form is shown to have 
an inhomogeneous transformation law under the gauge 
group. Actions invariant under these transformations are 



constructed in section Vector gauge transformations 
are introduced in section [V, along with the auxiliary 



vector field, which is shown to transform as a gauge field 
as well. The new semiglobal transformations are also 
discussed there. The connection like nature of the aux- 
iliary field allows a fresh set of transformation rules and 
actions, shown in section [v| but they are shown to be 
equivalent to the earlier ones. The main results are sum- 



marized in section VI. 

Notation: It will prove convenient to use the nota- 
tion of differential forms. The gauge connection one-form 
(gauge field) is defined in terms of its components as 
A = —igA^^dx 11 , where t a are the (hermitian) genera- 
tors of the gauge group satisfying [t a ,t b ] = if abc t c and 
g is the gauge coupling constant. Any other coupling 
constant, which may be required in a given model, will 
be assumed to have been absorbed in the corresponding 
field. An example is a coupling constant m of mass di- 
mension one, which appears in the action of some models 
as iriB AF, and may be absorbed into B. This will cause 
no problem since I am dealing solely with classical sys- 
tems and classical symmetries, and I will display coupling 
constants explicitly whenever the discussion requires it. 
The gauge group will be taken to be SU(N). The gauge- 
covariant exterior derivative of an adjoint p-form £ p will 
be written as 



d^ £ P = d£ P + A A £ P + (-1) P+1 £ P A A , 



(1.1) 



where d stands for the usual exterior derivative. The field 
strength is F — dA + Ah A, and satisfies Bianchi identity, 
dF + A AF — FAA — 0. Under a gauge transformation, 



the gauge field transforms as A — > A 1 = UAW + 0, 
where for later convenience I have defined 4> = — dJ/J/L 
Note that </> is a flat connection, d<fi + <fi A <j) = 0. Unless 
otherwise noted, a transformed field will be distinguished 
by a prime, for all types of transformations. 



II. GAUGE SYMMETRIES 

In this section I shall discuss the construction of a 
modification of SU(N) gauge transformation rules for 
the non-Abelian two-form, starting from the usual trans- 
formations. As mentioned earlier, the investigation of 
symmetries of the non-Abelian two-form B has to begin 
from the action J Tr B A F. In terms of its components, 
B = — ^igmB^t a dx^ A dx u , with m a constant of mass 
dimension one. Under an SU(N) gauge transformation 
represented by U, the gauge field A and the field strength 
F transform as 



A^A' = UAU^ + cj), 
F -> F' = UFU^ . 



(2.1) 



Invariance of the action under SU(N) gauge transforma- 
tion is usually enforced by assuming that B transforms 
homogeneously in the adjoint, as 



B -► B' = UBU^ 



(2.2) 



It should be noted that there is no a priori reason (based 
on a geometrical description of the two-form, for exam- 
ple) to assume this transformation law for B. 

In addition to SU(N) gauge transformations, the action 
is invariant under a non-Abelian generalization of Kalb- 
Ramond gauge transformation |3f 



B' = B + d A £, 



A. 



(2.3) 



where £ is an arbitrary one-form. Because of Bianchi 
identity, the Lagrangian changes by a total divergence 
under this transformation. This will be referred to as 
vector gauge transformation, while a transformation with 
U will be called (SU(N), or usual) gauge transformation. 
The group of vector gauge transformations is Abelian, 
two such transformations with parameters £i and £2 com- 
bine to yield a transformation with parameter £1 + £2- 
The two types of transformations are independent of each 
other, and therefore combine as 



A' = UAU^ + <j> , 



B' = UBU^ + d A >£' , (2.4) 



provided the one-form £ transforms homogeneously in the 
adjoint as f = U£W. 

The first question that needs to be asked concerns the 
uniqueness o f th e transformation law in Eq. (^^) , in the 
light of Eq. (2.3). How arbitrary is the one- form £ ? It is 
clear that if the two types of transformations are to re- 
main independent, £ may not be a connection, i.e., may 
not transform as £' = U!;U> + (p. This is because connec- 
tions do not form a group under addition, for any two 
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one-forms £1 and £2 which transform like connections, 
£1 + £2 does not transform like a connection. At least 
£ cannot be an arbitrary connection one-form. But it is 
possible to choose a connection, which depends on U, in 
place of £ and construct novel symmetries by mixing the 
two types of transformations. 

There is a connection with some degree of arbitrariness 
which can be used in place of £, or more precisely in place 
of £' in Eq. (2.4). It is the flat connection <fi, constructed 
from the gauge transformation U as <fi = —dUU'. This 
choice modifies Eq. (2.4) to 



A' = UAtf + <f>, 
B' = UBU^+d A ,<j> 

= UBU^ + (A' A <f> + <$> A A' + cty) 

= UBU^ + (UAU X[ A 4> + <j) A UAU^ + <j) A 4> j)2.5) 

The only arbitrariness in these transformations is in U , 
there is no arbitrary vector field, so this really has noth- 
ing to do with the vector gauge transformations. In fact, 
it is easy to see that this is nothing but a new gauge trans- 
formation law of B. To see this, it is sufficient to show 
that two successive gauge transformations of B combine 
according to the group multiplication law of SU(N). 

Consider two gauge transformations XJ\ and ^2, ap- 
plied successively to the fields. According to Eq. (2.5), 
the fields transform under U\ as 

A 1 = U 1 AU\ + 4> 1 , B x =U x BUl + & Al ct>x, (2.6) 
with tp\ = —&U\U\ , and then under U2 as 



A' = U 2 AxUt 



with 
Eq. 

Eq. (O 



-dU 2 U? 
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B , = U 2 B 1 ul + d A3 <h, (2.7) 
Substituting for A\ and Bi in 



2.7) their expressions from Eq. (2.6), I get back 



but with U = U2U1. Obviously, the trans- 
formation is invertible, since the choice U2 — U\ will 
give the identity transformation. Taking U — > 1 contin- 
uously will also find the identity transformation, which 
shows that the transformation for B is connected to the 



identity. So it is perfectly acceptable to treat Eq. (2.5) as 
the SU(N) gauge transformation law for the fields. How- 
ever, the action is not exactly invariant under the gauge 
transformation, but changes by a total divergence, 



Tr B' A F' = TrBAF 



dTr (<j> A UFU^) , 

(2.8) 

where I have used Bianchi identity, cyclicity of trace, and 
the fact the <f> is flat. 

The gauge transformation law of A is of course the 
standard one, but that of B is unusual in several re- 
spects. The fact that it is inhomogeneous sets B apart 
from all fields, other than the gauge field A, which carry 
a representation of the gauge group. It makes B ap- 
pear more like a connection than is usually thought. For 



an Abelian gauge group, all commutators vanish, and 
B' = B is recovered, just as it w ould be for the homoge- 
neous transformation law of Eq. (|2.2|). Note also that the 



inhomogeneous transformation of B in Eq. (2.5) makes 
sense only if B is a two-form and A is a one-form, and 
therefore is a symmetry of the action only in four dimen- 
sions. It is possible to construct similar transformations 
for higher p-forms in p + 2 dimensions. For example a 
three form B 3 coupled to the gauge field via a B 3 A F 
interaction in five dimensions can be taken to transform 
under the gauge group as 

B' 3 = UB 3 Ui + UAU* A0A0 — 4> A(j) A UAU^ . (2.9) 

The corresponding variation in the action is then 



' J Tr B 3 A F = J dTr {d<j> A UFU^) , 



(2.10) 



It is possible to consider other generalizations of the 
transformation law. But three-forms or higher p-forms 
and corresponding higher dimensional actions will not 
be explored in this p aper . Note that the specific trans- 
formation law of Eq. ( |2.5| ) holds only in four dimensions. 

For results and theorems which use perturbation the- 
ory, superficially this new transformation law does not 
pose a major problem. This is because the inhomoge- 
neous part is in some sense strictly finite, becoming ir- 
relevant for gauge transformations infinitesimally close 
to the identity. But those transformations are all that 
is needed for an analysis using the Becchi-Rouet-Stora- 
Tyutin (BRST) differential. Let me write the transfor- 
mation law for B with Lorentz indices and coupling con- 
stants restored, 



BL 



1 



UB ltv Ut-—[UA ]tt rf,B v] Urf] 
m 1 ' 

+JL[ 9 UU\d v Utf], (2.11) 
gm 

where I have written A^ = A°i a ,5 M „ = Bf^t a , etc. I 
have explicitly included the constant m, but it seems to 
have any significance only if the two-form is dynamical, 
with mass dimension one. The BRST transformations 



corresponding to Eq. (2.5) are 



sAl = 



gf abc A b ^ c 



sB a 



gf ahc B b ^ + ±f<*°Ald v] u e 



abc, ,6, ,c 



(2.12) 



This BRST operator is nilpotent, s 2 = 0, as a BRST 
operator should be. C omp arison with the conventional 
BRST rules ||, [|], |lf |§ shows that the inhomoge- 
neous part of the gauge transformation law of B is like the 
vector gauge transformation with d^uj a playing the role 
of the vector parameter. This is why known perturbative 
results, which includes the vector gauge transformations 
in the analysis, may not need much modification. But 
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quite clearly it is not correct to think of the new gauge 
transformation as a special case of vector gauge transfor- 
mation with parameter dpU! a , since it is not possib le t o 
start from the latter and exponentiate it to get Eq. (2.5). 

The total divergence which appears in the variation 
of the action will contribute to the conserved current of 
gauge symmetry. Consider an SU(N) gauge transforma- 
tion U = 1 + ig£, a t a infinitesimally close to the identity. 
The corresponding change in the action is 



S I m pvpXga pa 



e^>%(ed v F" x ). (2.13) 



It follows that the conserved current of gauge symmetry 
has a topologically conserved component 



• an 

Jt 



1 



(2-14) 



This looks like a current of non-Abelian Dirac monopoles. 
This current is not gauge-covariant, but in a configura- 
tion where F vanishes on the boundary (e.g. Euclidean 
finite action) this makes a vanishing contribution to the 
conserved charge. 



III. SYMMETRIC ACTIONS 

In usual gauge theories, with usual objects, the gauge 
transformation law of a field depends only on the trans- 
formation U and the field itself. The appearance of the 
gauge field A in the gauge transformation law for B is 
thus quite unusual. However, these are objects in a the- 
ory with local SU(N) symmetry. If there is any dynamics 
of any field at all, not just dynamics of B, the theory 
must contain gauge covariant derivatives, and therefore 
a gauge field. Even if the gauge field to which B couples 
is not the dynamical gauge field A, but a flat connection, 
there is an inhomogeneous component of the gauge trans- 
formation law of B. This situation arises for the naive 
generalization of the duality relation between a two-form 
and a scalar j3?], [58| , or outside the horizon of black holes 
with a non-Abelian topological charge plj . The inhomo- 
geneous part of the gauge transformation law for B does 
not affect the results in these cases. 

If the gauge field A is not constrained to be flat, it is 
possible to construct interesting actions which are invari- 
ant under the 'new and improved' gauge transformation 
law. Note that 

dA' = —<fi A UAU* + UdAU ] - UAU^ A <p + dcf> , (3.1) 

so that both the combinations (B + dA) and (B — A A A) 
transform covariantly under the gauge group, 

B' + dA' = U(B + dA) ZJt , 
B'-A'AA' = U(B - AaA)uK (3.2) 

An interaction Lagrangian of the form Tr (B + dA) A F or 
Tr (B — A A A) A F will be exactly invariant under gauge 



transformations, and the conserved current for SU(N) 
gauge transformations will be gauge covariant. For cither 
choice, the extra term is a total divergence, 

Tr dA A F = d Tr (A A dA + -A A A A A) , 

3 

TriAiAF = dTr-iAiAi. (3.3) 

o 

I can now construct several novel actions involving only 
A and B, with interesting physical implications, by de- 
manding invariance only under the gauge transformation 
of Eq. (2.5). I shall ignore vector gauge transformations 
in this section, coming back to them in the next section. 
One reason for this exercise is to show that an inhomo- 
geneous transformation law for B does not automatically 
rule out construction of invariant actions. Another rea- 
son will become apparent in the next section where I will 
argue that some of the actions constructed below are 
gauge fixed versions of actions with vector gauge sym- 
metry. The starting point is either Tr B A F, which is 
invariant up to a total divergence, or Tr (B + dA) A F, 
which is exactly invariant, but CP- violating. To cither 
of this a quadratic term, constructed out of (B + dA), or 
the covariant field strength (d^P — dF), can be added 
for an invariant action. 

The original topological action itself is of course the 
simplest example of an action symmetric under the new 
SU(N) gauge transformation rules. This action can be 
obviously modified without changing its classical content, 
by replacing B by (B + dA) or (B — A A A), to give a 
triplet of actions differing only by a total divergence, 



So 



TrBAF 



J Tr (B + dA) A F 
J Tr (B - A A A) A F , 



(3.4) 



where the equalities hold up to total divergences. Al- 
though the equations of motion derived from these ac- 
tions are the same, quantum theories built from them will 
behave differently in the non-perturbative regime. They 
also have different properties under CP. To see this, note 
that B can be chosen to transform under CP like *F so 
that the first action can be made CP-conserving. But 
the other two equivalent actions will necessarily violate 
CP. 

Another class of CP-violating actions come from using 
quadratic terms of the type BAB. An example is the 
action 



Si = /" Tr (BAF-^{B + dA) A(B + dA)) 

= y*Tr(PA AAA- ^P A P - ~dA A dvl)(3.5) 

The equation of motion following from this action by 
varying B is B = A A A . This may be substituted in 
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the action 



giving 



Si 



Ty [ A A AA F — -F A F 



= I - - Tr dA A dA , 



(3.6) 



which is a total divergence. Obviously there are many 
variations on this theme which arise from replacing B in 
B A F by cither of the two gauge covariant combinations 
and from using (B — A A A) in one or both factors of the 
second term. All these actions are classically equivalent, 
i.e., they differ by total divergences. They are also equiv- 
alent in the path integral in the same sense, after Gaus- 
sian integration over B. So all the information about the 
corresponding quantum theories reside on the boundary 
of space-time. An interesting point is that some actions 
of this CP-violating class vanish altogether upon using 
the equations of motion for B. An example is 

S[ = j Tr {{B - A A A) A F - (B + dA) A (B - A A A)) 

(3.7) 

for which the equation of motion of B is B = A A A , so 
that S[ = . 

An example of an action which is not a total divergence 
is a first order formulation of Yang-Mills theory, along the 
lines of |l6|, [l?], |l8| , but without vector gauge symmetry, 

S 2 = J Tr (b A F + i(5 + dA) A *{B + dA)) . (3.8) 

The equation of motion for B is B + dA = *F, which 
can be put back into the action. This action is then 
classically equivalent, i.e. equal up to a total divergence, 
to Yang-Mills theory. Again, there are several variations 
on this theme, not all of which have local dynamics. One 
example of this type is 



Ty[B AF +(B + dA) A*{B - AAA)) . (3.9) 



S' 



The equation of motion for B derived from this action is 
B = l(-dA + A A A + *F) . Substituting this expression 
for B into the action produces 



S' 2 



1, 



-Tr dA A dA . 



(3.10) 



which is a total divergence. So even though the action 
written in terms of B seems to require a metric, actually 
the dynamics it describes is independent of the metric 
and lives fully on the boundary of the space-time. 

I should mention actions of another type before ending 
this section. Since the field strength F is a gauge covari- 
ant object, any constant multiple of of F can be added 
to (B — A A A) to produce a gauge covariant combina- 
tion. Among all such combinations, (B — A A A — F) is 
somewhat special. It will be argued in the next section 



that actions constructed out of this combination of fields 
are gauge equivalent to actions with explicit vector gauge 
symmetry. Two examples are the first order formulations 
of the Yang-Mills action and the topological Yang-Mills 
action, 



S- 



YM = 



J Ty (B-AAA-F)AF 



(B - A A A - F) A *{B - A A A - F) 



1. 



-Tr F A *F , 



(3.11) 



& 



TYM = 



J Ty {B - AaA-F) AF 



(B - A A A - F) A (B -A A A- F) 



-Ty F AF. 

2 



(3.12) 



where the equivalences are obtained by substituting the 
equations of motion for B into the respective actions. 

Another action which should be mentioned is that of 
a dynamical non-Abelian two-form. Dynamics requires a 
gauge covariant field strength to be defined for B, and the 
purpose is served by H = d^ (B + dA) = d^ (B - A A A) = 
dAB — dF. Like other gauge covariant combinations men- 
tioned in this section, this field strength is not invariant 
under vector gauge transformations. With the help of 
this field strength, I can now write down an action in 
which the two-form B is a dynamical field, 



Tr 



A*H 



1 



F A*F + B AF) . (3.13) 



The i?-independent part of this action is a nonlinear a- 
model for the gauge field A. The term quadratic in 
derivatives of A reads, with gauge and Lorentz indices 
restored, 

- \(5 M + 9 2 f abc f ade A c x A Xe ) d^A b u] d [ ^A^ d 

-^r^f^d^A^Ald^A^A^ . (3.14) 

This action is not power counting renormalizable, nor 
should it lead to a consistent quantum theory, like any 
nonlinear er-model in four dimensions. But I will argue in 
the next section that this action is gauge equivalent to the 
theory with an auxiliary field and explicit vector gauge 
symmetry, which is known to be renormalizable J3l[ . In 
the Abelian limit where the structure constants vanish, 
H becomes the usual field strength for a set of Abelian 
two-forms, H — » dB. So this action then becomes the 
same as that for a set of topologically massive Abelian 
gauge fields. 

Obviously, many other actions can be constructed us- 
ing Eq. (2.5) as the gauge transformation laws and they 
will correspond to different physical systems. One can 
even construct actions which do not have the B AF term 
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as the cornerstone. I will not explore such actions here. 
Finally, for p- forms in p + 2 dimensions, a generalized 
SU(N) gauge transformation law can be trivially con- 
structed by demanding covariance of 



B p - A A A A 



A A (p factors) 



(3.15) 



Just as the r esult for p = 3 differs from the one given 
earlier in Eq. (2J3), clearly there are several different gen- 
eralizations for higher p-forms. 



IV. AUXILIARY ONE-FORM 

The actions mentioned in the previous section, except 
for t he p ure BAF action and its modifications as shown in 
Eq. (3.4), were not symmetric under vector gauge trans- 
formations. These need to be reintroduced into the dis- 
cussion. The interaction Lagrangian Tr B A F is sym- 
metric up to a total di verg ence under the vector gauge 
transformations of Eq. (2.3). Any term quadratic in B, 
including a possible kinetic term, is not invariant. This is 
obvious for terms like B A B or B A *B, for kinetic terms 
this is because the 'field strength' d A B changes under 
these transformations, 



d A B -> d A B + FA£-£AF. 



(4.1) 



Indeed a theorem |3^] asserts that a kinetic term for the 
two-form, invariant under both types of gauge transfor- 
mations, cannot be constructed unless additional fields 
are introduced to compensate for the vector gauge trans- 
formations. Note that since this theorem was proven by 
using the BRST structure of these theories, the modifi- 
cation of the gauge symmetry displayed in the previous 
section should not change its proof. 

Some actions which use auxiliary one-form fields to 
compensate for the vector gauge transformations have 
been known for some time []16[ H). In these actions, a 
one-form field C is introduced, and is assumed to shift 
under these transformations, 



A' = A, B' = B + d A £, 



C' = C + £. (4.2) 



Obviously the combination (B — d A C) remains invariant 
under these transformations, as does the compensated 
field strength 



H = d A B - F AC + C AF . 



(4.3) 



How does C behave under usual gauge transformations? 
Clearly it has to transform in the adjoint representation. 
There is now no need for dA to cancel the inhomogeneous 
part of gauge transformations of B. Instead, the auxiliary 
field C can be taken to transform inhomogeneously, like 
a connection, under the gauge group, 



A 1 = UAU f + cf>, 
B' = UBU ] +d A , 

c' = ucu^ + d). 



With this choice, the combination (B — d A C) trans- 
forms covariantly under the gauge group, (B — d A C) — » 
U(B — d A C)U^ . The field strength H also transforms 
covariantly, H — > UHU^ . Both these combinations, 
(B — d A C) and H , are also in varia nt under the vector 
gauge transformations in Eq. (4.2), with £ transform- 
ing homogeneously in the adjoint, £' = U^W . There- 
fore, terms quadratic in (B — d A C) or H can be used 
for construction of symmetric actions, invariant under 
both usual and vector gauge transformations. I will not 
mention such actions separately here, they are discussed 
in @, 0, If, H H, g f|. Note that if C is taken t0 
transform homogeneously under the gauge group, invari- 
ant actions have to be constructed with (B + dA — d A C) 
or with (B — A AA — F ~ d A C) = B - d A (A + C). These 
possibilities will be ignored, since they correspond to re- 
definitions of C. Henceforth C will be taken to transform 



like a gauge field, i.e., according to equation Eq. (4.4). 

Since the flat connection (f> does not transform homoge- 
neously under the gauge group, but the vector parameter 
£ has to do so, it is clear that Eq. (4.4) cannot be a special 
case of vector gauge transformations, despite the formal 
similarity. Nor is it possible to take the vector parameter 
£ to transform like a connection, because connections do 
not add, so vector gauge transformations will not form a 
group. Alternatively, if the vector parameter is an arbi- 
trary connection, the properties of C under usual gauge 
transformations will be ill-defined. This also provides an 
additional reason why it is not possible to set C = by a 
gauge choice. Since C transforms like a connection, even 
if it is made to vanish in one gauge, it will be non-zero 
upon an SU(N) gauge transformation. 

The BRST transformations for C are similar to vector 
gauge transformations as was the case for the two-form, 



1 



(4.5) 



(4.4) 



Taken together with Eq. ( [2.12j ), the BRST operator is 
nilpotcnt, s 2 = , and all calculations which use BRST 
analysis will go through. In other words, the algebraic 
proofs of renormalizability, for the massive vector the- 
ory |3l) , or for the first-order Yang-Mills theory |l7], |l8| . 
should hold with minor modifications. For finite transfor- 
mations, the picture differs radically from that in those 
articles, C is now a connection under the gauge group, 
and a vector gauge transformation shifts it by the differ- 
ence of any two connections. 

This picture leads to another interesting symmetry 
transformation. Let U(x) be an arbitrary SU(N) ma- 
trix valued field, unrelated to the SU(N) gauge trans- 
formation, and let the flat connection <fi be defined as 
4> = —dUU>. A vector gauge transformation can be made 
upon the fields B and C using a constant multiple of the 
difference of A and <p. That may not seem particularly 
significant, since it is just a special choice of the vec- 
tor parameter. However, if the theory contains only the 
field strength H and not the combination (B — d A C), I 
can freely shift B by a constant multiple of F, the field 
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strength of the gauge field, since under this shift 



B —> B + aF . 



H -> H + ad A F = H , 



(4.6) 



by Bianchi identity. The interaction term B A F changes 
by a total divergence under this shift, so this is a sym- 
metry of the action. For an Abelian two-form this shift 
B — > B + aF is just a special case of the vector gauge 
transformations with the special choice £ = A. On the 
other hand, in the case of the non-Abelian two-form, 
there is no choice of £ for which F = d A £, • Indeed, such 
a shift for the non-Abelian two-form is not even a local 
symmetry transformation, cannot be implemented by a 
local constraint, and can be included in the BRST charge 
only by using a constant ghost field |n) . 

Because of this, if the local transformation is combined 
with the global shift, it produces a completely new type 
of symmetry transformation, 



C 1 = C + a(A-4>), A' 
B' = B + a(A-j>)A(A- 



A. 



(4.7) 



with a an arbitrary constant. It is easy to see that the 
SU(N) transformation properties of these fields are not 
affected provided <f> is taken to transform as a connection 
as well. This changes the B AF interaction term by a to- 
tal divergence, and leaves the compensated field strength 
H of Eq. (4.3) invariant, 



S J TtBAF = a J dTr (^A A A A A — cf> A F ) , 

8{B-d A C) = -aF, 

5H = 0. (4.8) 

It follows that an action containing the field strength H 
and the interaction B AF will be invariant (up to a total 
divergence) under this set of transformations. Even the 
pure B AF action is invariant under it. The correspond- 
ing conserved current, from the variation of the B A F 
term, depends on the arbitrary flat connection <f> . 

Why is this a new type of symmetry? Since U is an 
arbitrary local SU(N) matrix, the flat connection <j> is 
constructed out of arbitrary space-time dependent pa- 
rameters and their derivatives. So these would seem to 
be local transformations. However, in general local trans- 
formations are generated by local first-cla ss c onstraints. 
The vector gauge transformations of Eq. (4.2) are local, 
and they are generated by local constraints [}40|, [tl| . On 
the other hand, the shift B — > B + aF is a global trans- 
formation for a non-Abelian B. But it is not possible to 
write local cons train ts which can generate the transfor- 
mations of Eq. (4/7). The simplest way to show this is 
by noting that the local part of these transformations is 
not connected to the identity, i.e., <f> — ► or U — ► 1 in 
Eq. (4.7) does not lead to the identity transformation. So 
in particular transformations for infinitesimal 4>, i.e. for 
U infinitesimally close to the identity, cannot be written 
as transformations which are themselves infinitesimally 



close to the identity transformation. Since the Poisson 
brackets of a constraint with the variables of the theory 
produce infinitesimal transformations, these transforma- 
tions cannot be produced by constraints. It also means 
that this symmetry will not appear in the BRST charge. 

This can be seen directly in the BRST approach, start- 
ing with the transformation for infinitesimal cf>. For 
[7 = 1 + igSX9 a t a , with SX an anticommuting constant 
and 6 a an anticommuting field (the would be ghost), I 
can write the infinitesimal changes in the fields as follow- 
ing from Eq. (4.7) as 



SB = aA A A + ad\(dd A A - 
SC = a(A + 6\d6), 



A A d9) , 



(4.9) 



where d9 = igt a d fl 9 a dx^ 1 . Obviously the derivative S/SX, 
which would be part of the BRST operator, does not 
have any meaning. This is because a has been treated 
as a finite constant, so perhaps it should be replaced 
by 5Xa, where a is now a constant ghost, as in 
This will clearly not produce the correct BRST operator 
in this case either, beca use t hen the ^-dependent terms 
will disappear from Eq. (4.9). So there is no BRST con- 
struction which includes this symmetry, which is another 
way of showing that it cannot be generated by local con- 
straints, since the BRST charge has to include all lo- 
cal constraints. Since the BRST charge is fundamental 
to the local Hamiltonian quantization of gauge theories 
(see for example [43|), another possible interpreta- 
tion of this is that a full quantum theory of this system 
must necessarily include non-local objects (i.e. strings) 
and operators, with appropriate induced actions of the 
symmetry group, in order to maintain the classical sym- 
metries. This is not very surprising since a two-form 
naturally couples to world sheets. 

This conclusion is based on the failure to assign a non- 
zero ghost number to an infinitesimal </> . On the other 
hand it is possible to construct a BRST operator which 
includes an arbitrary flat SU(N) connection <j> of zero 
ghost number and a constant field a of ghost number one. 
Then there is a family of BRST operators parametrized 
by </>, for a given set of fields and ghosts, including a. 
Any two such BRST operators anticommute, suggesting 
a degeneracy of quantum states, labeled by flat connec- 
tions. Lifting this degeneracy will require choosing a spe- 
cific flat connection. This is analogous, but not identi- 
cal, to choosing a vacuum in spontaneously broken gauge 
theories. The transformations of Eq. (4.7) should not 
therefore be confused with usual local symmetry trans- 
formations. These should be called semiglobal transfor- 
mations, elements of a class of global transformations 
parametrized by local SU(N) matrices U. 

The fact that the auxiliary connection C can be shifted 
by the difference of two connections also provides a way 
of relating actions constructed in this section with the 
help of C, and those of the previous section, constructed 
without C and without vector gauge symmetry. Consider 
the case where these two connections are C and A, i.e., 
consider a vector gauge transformation with £ = a(A — 
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C) where a is some constant. The transformed fields are 

B' = B + aF + aA A A - ad A C 

C = [l-a)C + aA. (4.10) 

The compensated field strength H remains invariant, as 
it should under a vector gauge transformation, but in 
addition it has a familiar form for a = 1 in terms of the 



transformed fields. If I choose a = 1 , in Eq. (4.1C), the 
two connections become related to each other by C = A , 
and then the field strength is H = d A B' -FAA + AAF, 
which because of Bianchi identity can be written as H = 
d A B' — dF. This has the same form as the field strength 
defined in the previous section, before the introduction 
of the auxiliary one-form. So even thou gh C cannot be 
set to vanish by a gauge choice in Eq. (4.3), it can be 
absorbed into B in the aforementioned sense, whereby it 
is 'replaced' by A . Note also that for a = 1 , the invariant 
combination (B — d A C) can be written as 

B' - d A ,C — B' — d A A = B' - F -AAA. (4.11) 

This links the actions mentioned in the previous section 
with those mentioned here. Finally, note that by a similar 
argument, C can also be 'replaced' by an arbitrary flat 
connection (f> via a vector gauge transformation. 



V. TWO CONNECTIONS FOR TWO-FORM 

In the previous section it was shown that the auxiliary 
vector field C transforms like a gauge field under usual 
gauge transformations, and shifts by the 'difference of 
two connections' under a vector gauge transformation. 
It was also shown that by an appropriate vector gauge 
transformation, the auxiliary field could be 'shifted away' 
to be replaced, in a manner, by the gauge field A. In this 
section the picture of C as a second connection in the 
theory will be made more explicit, and more actions will 
be shown to be related by gauge symmetry to the ones 
already mentioned. 

The starting point is the observation that the auxil- 
iary connection C always appears in conjunction with 
the two-form B. In fact, it is needed for all actions with 
vector gauge symmetry, except for the pure B AF action. 
But even this form of the action need not be treated as 
sacrosanct, since C can be absorbed in B in a specific 
manner using vector gauge transformations. Then I can 
conclude that the non-Abelian two-form B and the aux- 
iliary connection C cannot be separately included in any 
theory, but has to be considered as a pair. 

Is it then possible to formulate the gauge transforma- 
tion laws of the pair (B, C) purely in terms of themselves 
without referring to the usual gauge field A as was done 
earlier? This would remove the dependence of B on the 
gauge field A, which is somewhat artificial, since there 
is no converse dependence — a theory of the gauge field 
can be defined without invoking B. This requires that 
the gauge transformation laws described in Eq. (4.4) be 



thought of as being in a special choice of gauge for the 
vector gauge transformations. 

Following this argument, let me first rewrite the SU(N) 
gauge transformations for A, B , and C as 



A' = UAU f + (t) 

B' = UBU^ + UCU f A (j) + <j) A UCU f + cp A <j) 



(5.1) 



These are the same as the rules of Eq. (4.4), but with 
the gauge field C taking the place of the gauge field A 
in the transformation rule for B. It will be shown later 
that these are in fact equivalent to the earlier rules. 

Just as in the earlier incarnation, these transforma- 
tions combine according to the group multiplication law 
of SU(N). This can be seen by applying two succes- 
sive SU(N) gauge transformations U\ and Uq, and us- 
ing Eq.s ( |2.6| ) and (2.7), but substituting C for A in 
those equations. One immediate consequence of choos- 
ing Eq. ( |5.ip as the gauge transformation rules is that 
the B AF term is no longer gauge invariant, as expected 
from the discussion above. The action that should be 
used in its place is 

So = J Tr (B + dC) A F = J Tr (B A F - C A dF) , 

(5.2) 

where the second equality holds up to a total divergence. 
The second term of this action looks like a magnetic 
monopole term in the Abelian limit g — > . It does not 
have a clear interpretation for non-Abelian theories, since 
dF is not a gauge-covariant object. 

In any case, this choice of gauge transformation rules 
simplifies the vector gauge transformations quite remark- 
ably. Now it is the combination B + dC which transforms 
homogeneously, B' + dC = U(B + dC)U^ . I can now 
define vector gauge transformations for the non-Abelian 
two-form without reference to any connection and in fact 
these are exactly the same as the familiar Kalb-Ramond 
symmetry [B5[ 



B^B + d£, C^C-C 



(5.3) 



Here £ is a one-form which transforms homogeneously 
under the gauge group, i.e., the difference of two connec- 
tions, £ — » U£W . This choice ensures that C also trans- 
forms like a connection, and the behavior of B under 
SU(N) gauge transformations in maintained. Indeed, if 
an SU(N) gauge transformation U is applied subsequent 
to the Kalb-Ramond transformation, and £ is taken to 
transform homogeneously, the fields transform as 

c = u{c-t)rt + <i> 

B' = U(B + d$)Ui + UC'U^ A<j> + (j)AUC'U^ + 0A<£. 

(5.4) 

Therefore, just as in the previous section, the auxiliary 
one-form C transforms like a gauge field under ordinary 
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SU(N) gauge transformations, and shifts by the difference 
of two connections under Kalb-Ramond symmetry. Note 
that I am making a d istinction between the vector gauge 
symmetry of Eq. (4.2), which involves the gauge covariant 
exterior derivative d,4 , and the Kalb-Ramond symmetry, 
which requires only the ordinary exterior derivative d . I 
will show that acti ons invariant under the gauge trans- 
formations of Eq. (|5.l[ ) and the Kalb-Ramond transfor- 
mations are also equivalent to the actions of section III 
by a symmetry transformation. 

Before going on to discuss invariant actions, let me 
briefly mention one peculiarity of the (B, C) system. The 
combination (B + dC) appears to have another obvious 
symmetry, under C — > C + dx where x is a scalar. This 
symmetry is not compatible with gau ge s ymmetry, since 
C + d% cannot transform as in Eq. (5.1) for any choice 
of x- So this symmetry is not likely to have any physical 
significance. However, the field B and C must always 
appear in the combination (B + dC) and its derivatives, 
so this symmetry will always be present in the action. 

Invariant actions involving the (B, C) pair are now 
easy to construct. Note that a 'field strength' for C, 



F c = dC + C A C . 



(5.5) 



is covariant under SU(N) gauge transformations, but is 
not invariant under Kalb-Ramond transformations. So 
it will not appear in an invariant action. Note also that 
even though C transforms like a gauge field, the gauge 
covariant derivative is still defined as d^ , since it is a 
good idea to leave the covariant derivative unmolested 
after a Kalb-Ramond transformation. 

Then the actions invariant under both the gauge group 
and the Kalb-Ramond symmetry are already known. 



These are simply the actions mentioned in section III, 
but with (B + dC) replacing (B + dA). The B A F term, 
or its equivalents as in Eq. ( p. 4 ), has to be replaced by 
the term So as in Eq. (|5.2|) as well. For example, the 



action corresponding to the parity violating action Si of 
Eq. fljO) is 



Si = J Tr ((£ + dC) A F - ~{B + dC) A (B + dC) 



1 



Tr F AF, 



(5.6) 



where the second equality comes from substituting the 
equation of motion B = F — dC into the action. Another 
example is the action for the first order formulation of 
Yang-Mills theory, which is now 



S 2 = J Tr ((£ + dC) A F + ~(5 + dC) A *(B + dC) 
Tr F A*F . (5.7) 



Again I have substituted the equation of motion for B, 
which is B = *F — dC , into the action to produce the 



constructed from only the gauge field A and the two- 
form B, and only invariance under SU(N) gauge transfor- 
mations was imposed, the requirement of Kalb-Ramond 
symmetry rules out various combinations. For exam- 
ple, the combination (B-CAC), while covariant under 
SU(N) gauge transformations, is not invariant under the 
Kalb-Ramond transformation. On the other hand, just 



as in section [II , any constant multiple of the gauge field 
strength F can be added to (B + dC) for a gauge covari- 
ant, Kalb-Ramond invariant combination. It is easy to 
see that actions built with those combinations arc equiv- 
alent to the ones already mentioned. 

As mentioned earlier, the gauge covariant derivative, 
which is needed to construct dynamical actions, should 
be taken to be dA , even though C is also a gauge field, 
because C is not invariant under Kalb-Ramond trans- 
formations. The field strength for the two-form is con- 
structed with the gauge covariant derivative d,4, 

H = d A (B + dC) =d A B + AAdC-dCAA, (5.8) 

and the action for the dynamical two-form is then 



i 



S a = I Tr ( —H A *H + —F A*F + BAF~CA dF 

(5.9) 

Needless to say, this action reduces to the usual Abelian 
action of topologically massive fields (either A or B) in 
the Abelian limit. Another interesting point is that in 
that limit this action can be thought of as a (partial) 
first order formulation, with C being a dual gauge field. 

In the non- Abelian theory, C is shifted by the differ- 
ence of two connections under a Kalb-Ramond transfor- 
mation. I can choose the two connections to be C and A 
as in the section [V, £ = a(C — A) . Then 



B' = B + ad(C-A) 
C' = C-a{C-A). 



(5.10) 



Since this is a special case of the Kalb-Ramond transfor- 
mations, the combination (B + dC) remains invariant, as 
does the field strength H . For a = 1 , this has the effect 
of replacing C by A. Thus the actions mentioned earlier 
in section [II are equivalent to the actions mentioned in 
this section as well. 



The field strength H of Eq. ( 5.£ ) is invariant, as before, 
under a semiglobal transformation, constructed with the 
help of an arbitrary flat connection <f> transforming in the 
adjoint representation of the gauge group. But these now 
take a slightly different form, 



B' = B + a(AAA-(j)A' 
C = C-a{A~$). 



(5.11) 



second equality. Unlike in section III where actions were 



The combination (B + dC) is not invariant under these 
transformations, while the field strength H is. As before, 
these are not connected to the identity transformation for 
— » . The conserved current for this transformation de- 
pends on the form of the interaction term. For the action 
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of Eq. (5.9) the current depends on the flat connection 
and is proportional to 



Tr (AaAAA + ^AF) 



(5.12) 



As in section [V, the B RST operators which produce the 
transformations of Eq. (5.11) must be constructed with a 
constant ghost field a and an arbitrary (commuting) flat 
connection (f>. Consequently they are again parametrized 
by the space of flat connections 4> . 



VI. SUMMARY OF RESULTS 

In this paper I have argued that an antisymmetric ten- 
sor potential valued in the adjoint representation should 
have an inhomogeneous component in its gauge trans- 
formation rule, as shown in Eq. (2.5). It is not clear if 
there is a geometrical interpretation of this rule, i.e. a 
geometrical object which corresponds to this. But at any 
rate it opens up new avenues of investigation. These new 
gauge transformation rules are not in contradiction with 
theorems based on BRST analysis. In particular the new 
rules do not obviate the need for an auxiliary one-form 
in actions containing terms quadratic in B. 

I have also shown that the auxiliary one-form C trans- 
forms as a gauge field. Therefore it cannot be shifted 
away to zero by a vector gauge transformation, because 
an ordinary gauge transformation changes a vanishing 
gauge field to a non-vanishing flat connection. But it 



can be 'replaced' by the usual gauge field A via a vector 
gauge transformation. The actions in section IV can be 
related in this way to the actions in section III , which may 



be thought of as being somewhat analogous to a unitar- 
ity gauge choice for these theories. An outcome of this is 
that the action for the topological mass generation mech- 
anism becomes gauge equival ent t o a nonlinear er-modcl 
for the gauge field, as in Eq. ( 3.14 ). This action also has 
a new kind of semiglobal symmetry which depends on ar- 
bitrary flat connections, but is connected to the identity 
only in the limit of a vanishing global parameter. This 
symmetry is not generated by local constraints, unlike 
all other known local symmetries in classical field theory. 
The conserved current or this symmetry is parametrized 
by the space of flat connections. It is in fact possible to 
construct a family of BRST operators, parametrized by 
flat connections, which anticommute with one another. 

I have also shown that it is possible to define inhomo- 
geneous gauge transformation rules for the pair of fields 
(B, C) without referring to the gauge field A. The actions 
invariant under these rules are symmetric under the usual 
(Abelian) Kalb-Ramond symmetry Unlike for the vector 
gauge symmetry, the integral of B on a closed 2-surface is 
invariant under Kalb-Ramond symmetry. The actions of 
section ^ are also equivalent, by gauge transformations 
and field redefinitions, to the actions discussed in the ear- 
lier sections. The symmetries and actions mentioned in 
this paper should be useful for all B A F type theories, 
including gravity. 
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